Multiscale finite element method Stabilized Petrov-Galerkin approach
inter-element edges. Furthermore, a general locally stabilized mixed finite element method was provided by Kechkar and Silvester in [24] .
As for stabilization and bubble functions, it has been pointed out in Baiocchi, Brezzi and Franca in [2] that the enrichment of the finite element space by summation of bubble functions results in a stabilization approach (see [3, 27] ). Recently, in [15] , a new locally stabilized method based on the idea of [24] containing jump terms across the inter element boundaries of the macro-elements was derived, the stabilizing terms were defined over the macro-elements. A particular kind of bubble enrichment of the velocity space is the Residual Free Bubble method (RFBM) in [4] , in which the bubble function is the solution of a problem containing the residual of the continuous equation at the element level. At the same time, the multiscale finite element method was derived by [14, 20] , and a priori error analysis can be found in [13] . A chief characteristic of the method in [14] is to use the Petrov-Galerkin approach to split the solution into two parts, i.e., the trial function space is enriched with the bubble functions which are the solutions to a local problem containing the residual of the momentum equation and the special boundary conditions so that the local problem can be solved analytically. Recently, in [1] , a stabilized finite element methods based on multiscale enrichment for the Stokes equations was given. The method is different from RFBM, in which one can choose local basis functions to enrich the standard finite element spaces to solve some local problem analytically and it is easy to handle with the advective-dominated flows.
In the paper, we will use the Petrov-Galerkin approach based on the multiscale enrichment of the standard polynomial space enriched with the unusual bubble functions which no longer vanish on every element boundary for the velocity space to propose a stabilized multiscale finite element method to handle with the stationary Navier-Stokes equations with high Reynolds number, in which our main idea is mostly derived from [1, 14] . We try to give the numerical analysis of the method for the 2D Navier-Stokes equations in this work since Ref. [1] only handles with the Stokes equations and Ref. [14, 20] for the elliptic equations.
The remaining part of this paper is organized as follows. In Section 2, we present the general framework and derive a general form of the method stabilized finite element method for the stationary incompressible Navier-Stokes equations. Afterwards, in Section 3, we consider the stability of the P 1 -P 0 triangular element (or the quadrilateral Q 1 -P 0 element) and give the optimal error estimates of the stabilized multiscale finite element method for the stationary Navier-Stokes equations.
Stabilized multiscale finite element method
Let Ω be an open bounded domain in R 2 with a Lipschitz boundary ∂Ω and satisfy a further condition stated in (Assumption 2.1) below. We will consider the following incompressible Navier-Stokes equations:
2 the prescribed body force, and ν is the viscosity coefficient.
For the mathematical setting of the problem (2.1), we introduce the Hilbert spaces:
Let h > 0 be a real positive parameter. The finite element subspace
a partitioning of Ω into triangles (or quadrilaterals), assumed to be regular in the usual sense (see [23, 24] ), i.e., for some σ and λ with σ > 1 and 0 < λ < 1 such that
where h K is the diameter of element K , ρ K is the diameter of the inscribed circle of element K , and θ iK are the angles of K in the case of a quadrilateral partitioning. The mesh parameter h is given by h = max{h K : K ∈ T h }. The set of all interelement boundaries will be denoted by Γ h , and let Γ 0 = {K ∈ T h : K ∩ ∂Ω = ∅}.
where P 1 (K ) and Q 1 (K ) are the set of all polynomials on K of degree less than to n.
The finite element subspaces in this paper are defined by the continuous piecewise (bi)linear velocity subspace
and the piecewise constant pressure subspace
We also introduce the following Laplace operator: 2) and the bilinear operator
and the trilinear form on X × X × X by 
As mentioned above, we need a further assumption on Ω:
Assumption 2.1. Assume that Ω is regular so that the unique solution (u, p) ∈ X × M of the following steady Stokes equations:
for any given f ∈ Y exists and satisfies
where C is a positive constant depending only on Ω.
We remark that the validity of Assumption 2.1 is known (see [19, 25] ) if ∂Ω is of C 2 , or if Ω is a two-dimensional convex polygon. From Assumption 2.1, it is to check that
where γ 0 and γ 1 are positive constants depending only on Ω.
and it is easy to check that B 0 and b satisfy the following important properties (see [16, 19, 24] ):
for all u, v, w ∈ X , and
for all u ∈ X , v ∈ D( A) and w ∈ Y , where c 0 and c 1 are positive constants depending on the domain Ω.
Under the above notations, the Galerkin variational formulation of the problem (2.1) reads as follows:
The following existence and uniqueness results are classical (see [16, Chapter IV] and [29, Chapter II]):
Theorem 2.1. Assume that ν and f ∈ Y satisfy the following uniqueness condition:
where γ 0 and c 0 are defined in (2.7) and (2.10), respectively.
Next, we introduce the multiscale finite element method based on the multiscale functions which no longer vanish on the element boundary by the Petrov-Galerkin approach for the problem (2.1).
Let E h be a finite-dimensional space, called multiscale space, such that
where
Under the above notations, by using Petrov-Galerkin approach we obtain the variational formulation for the Stokes
and q h ∈ M h , where
For a scalar piecewise continuous function ψ , the jump [ψ] E and the average {ψ} E on a face E ∈ Γ h are defined by
e , we consider the following local problem at element level: 
From (2.15), it follows that
From (2.23), we proposed the stabilized multiscale finite element method to the stationary 2d Navier-Stokes equa-
Next, we calculate the parameter β e . Firstly, we define the matrix function A K by
From the definition, we have A K = a K I , where a K is the solution of Before establishing the stability results of the stabilized finite element method defined above, we firstly introduce the following local trace theorem (see [11, 16] ): 
Proof. From the continuous version of inf-sup condition (see [16] ), we know that for each p h ∈ M h ⊂ M there exists a function w ∈ X and an interpolation function w h ∈ X h to w such that |w| 1,Ω = p h 0,Ω and (2.35) which implies that
) and using (2.36), we know that there exists a positive constant β 1 depending on ν such that 
(2.38)
Error estimates
In order to derive the error estimates of the stabilized multiscale finite element solution (u h , p h ), we need the Galerkin
Then there holds (see [9, 16] ):
3)
By using a similar argument to the one used by Layton and Tobiska in [26] , we may have the following lemma:
Furthermore, there holds
, where C is a positive constant depending on ν but independent of h.
Proof. From Theorem 2.2 and the definition of the Galerkin projection, we have
By the triangle inequality and (3.7), we have
. In order to apply the Aubin-Nitsche trick, we introduce the dual Stokes problem:
In (3.9), let w = u − R h (u, p) and r = p − Q h (u, p). Thus, using (2.6) we have (3.10) which implies that
Using the triangle inequality and (2.30), we obtain
Using (3.11), (3.1), (3.2), (3.12), (3.3)-(3.4) and (3.10), we have
Using Theorem 2.2, (3.1) and (3.2), we have
14)
It is easy to check that
Combining (3.15) with (3.14) yields
Using the triangle inequality, (3.16) and (3.3)-(3.4), we have 
where C is a positive constant depending on the data Ω, ν and f but independent of h.
. thus, using (2.12), (2.24) and (3.1), we have
Using (2.10) and (2.13), we have
Again, from (2.10) and Lemma 3.1, it follows that Moreover, using (2.10)-(2.11), (3.23) 
